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1. Introduction
One possible description of the fluctuations around classical configurations in string
theory is in terms of vertex operators. They have two properties. The first is that the
set of vertex operators describe the physical content of the string theory in consideration.
The second is that they can be used as asymptotic states in scattering amplitudes. In
all string theories, there is a common form to define vertex operators. They are in the
cohomology of a BRST charge. For the bosonic string, the BRST charge is given by gauge
fixing the conformal symmetry of the world-sheet theory. For the RNS string, the BRST
charge is given by gauge fixing the superconformal symmetry of the world-sheet theory.
If the background space-time contains Ramond states, the RNS string weakens its power
to perform computations such that scattering amplitudes and loses manifest background
isometries. For example, space-time supersymmetry is not manifest in flat ten-dimensional
space-time. A world-sheet string model that avoids this problem is the pure spinor string
[1]. Although it is not known the symmetry to gauge-fix and get a BRST operator, it is
known the existence of a nilpotent charge that gives the correct cohomology [2][3][4] and
define a correct scattering amplitudes in flat space-time [5][6]. The form of this charge is
simple and it is equal to Q =
∮
λαdα, where dα is the world-sheet generator of superspace
translations and λ is a pure spinor variable, that is, it satisfies λγmλ = 0 with γm being
the symmetric 16 × 16 gamma matrices in ten dimensions. Consider the open string
in a flat background. In the massless sector, the vertex operator is the ghost number
one operator U = λαAα, where Aα is a function of N = 1 ten-dimensional superspace.
Imposing U to be in the cohomology of Q implies that the superfield Aα satisfies the
equation γαβmnpqrDαAβ = 0 and is defined up to the gauge invariance δAα = DαΩ, where
Dα is the superspace covariant derivative and Ω is a scalar superfield. The equation and
the gauge invariance of Aα state that this superfield has the physical degrees of freedom
corresponding to the photon and the photino [7]. To compute scattering amplitudes it
is necessary the knowledge of the integrated vertex operators. It is defined through the
relation QV = ∂U . In this case, the integrated vertex operator is a conformal weight one
field and it is expressed in terms of higher fermionic derivatives of Aα, as we review below.
In this construction there will appear superfields like the vector potential Am (whose
θ-independent component is the photon) and the fermionic field-strength Wα (whose θ-
independent component is the photino). The integrated vertex operator can be used to
deform the world-sheet action. The deformed action preserves the symmetries of the
classical action (namely, BRST and conformal symmetries) and a new BRST invariant
system is obtained. A natural question is how to generalize this discussion, in particular
the deformed action, in a non-flat background. The first step to study the vertex operators
of a world-sheet system in a curved background. This has been done for the AdS5 × S
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background in the pure spinor formalism. The unintegrated vertex was obtained in [8] and
the integrated vertex operator was studied in [9] and [10]. What about other backgrounds
or even a generic supergravity background? We answer this question for the case of the
heterotic string in a generic supergravity background.
It is interesting to note that in the bosonic string the relation between integrated
and unintegrated is straightforward because the existence of the parametrization ghosts b
and c. The integrated vertex operator is V = ∂XmAm(X) and the unintegrated vertex
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is U = c∂XmAm(x) and the relation QV = ∂U is satisfied in the Lorentz gauge. In
this case, we simply have U = cV . In the pure spinor version of the open string, the
reparametrizaton ghost are not fundamental fields and they can be constructed from the
fundamental fields of the pure spinor string [11]. However, there exist fundamental b, c
ghosts in the heterotic string as the anti-holomorphic sector is described in terms of the
bosonic string. We study the implications that the existence of these ghosts have in the
construction of vertex operators in the case of the heterotic string in a generic background.
We review the flat ten-dimensional space-time case in section 2. The unintegrated
vertex for generic supergravity and super Yang-Mills fluctuations are studied in section 3.
Here, vector potential and fermionic field-strength superfields are defined. The next step
is to construct the integrated vertex in curved background, we perform such construction
in section 4. We end with concluding remarks in section 5.
1.1. Conventions
The background superspace coordinates in ten dimensions are denoted by ZM =
(Xm, θµ) with m = 0, . . . , 9 and µ = 1, . . .16. There exists local flat coordinates de-
noted by ZA = (Xa, θα) with a = 0, . . .9 and α = 1, . . . , 16. The relation between these
coordinates is ZM = ZAEA
M (Z), where EA
M is the vielbein superfield and its inverse
is EM
A. We use M,N, . . . = (m,µ), (n, ν), . . . are the curved superspace indices and
A,B, . . . = (a, α), (b, β), . . . are local superspace indices. Note that in a flat background
there is no distinction between curved and local indices.
2. Review of the heterotic string in a flat background
We now review the heterotic string in a flat ten-dimensional background using the
pure spinor formalism. The action is given by
S =
∫
d2z
1
2
∂Xm∂Xm + pα∂θ
α + ωα∂λ
α + b∂c+
1
2
ρA∂ρA, (2.1)
where (X, θ) are the superspace coordinates in flat ten-dimensional space-time (that is,
m,n, . . . run from 0 to 9 and α, β, . . . run from 1 to 16), p is the momentum conjugate of θ,
(λ, ω) are the pure spinor conjugate variables, (b, c) are the right-moving reparametrization
ghosts and ρ is the heterotic fermion which live in a representation of the group SO(32)
or the SO(16) × SO(16) subgroup of E8 × E8 such that A,B, . . . run from 1 to 32. The
pure spinor variables are constrained by the condition λγmλ = 0 and the invariance δωα =
(λγm)αΛm, then only 22 out of 32 λ and ω variables are independent [1].
Physical states are given in the cohomology of the BRST operator
Q =
∮
λαdα + cT + bc∂c, (2.2)
where dα is the generator of superspace translations and T is the right moving stress-energy
tensor for the (X, ρ) system. Note that Q2 = 0 provided the pure spinor condition and that
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the OPE T (y¯)T (z¯) has central charge 26 (10 from X and 16 from the heterotic fermions).
The massless unintegrated vertex operator has λ-ghost number 1 and (bc)-ghost number
1 and it is given by
U = λαAαm c∂X
m + λαAαI cJ
I
, (2.3)
where J
I
= 12K
I
ABρAρB with K
I being the Lie generators of the E8×E8 or SO(32) groups
in the heterotic fermions representation used above. This means that these generators
satisfy the algebra [KI , KJ ] = fIJ
KKK , where fIJ
K are the structure constants of the
E8 × E8 or SO(32) groups (I = 1, . . . , 496). Note that we use boldface symbols for the
fluctuations.
Both terms in (2.3) are independently annihilated by the BRST charge. Consider the
action of Q on the first term in (2.3). Note that the action of the right-moving variables
put the superfield Aαm satisfying the gauge fixing condition ∂
mAαm = 0 and the equation
∂n∂nAαm = 0. Although there exists a way to overcome this lack of covariance (see [12])
we will focus on the covariant equations implied by action of the the pure spinor part of
(2.2). It implies that
λαλβDαAβm = 0⇒ D(αAβ)m = γ
n
αβAnm, (2.4)
where Dα is the ten-dimensional covariant superspace derivative.
As it is well known [7], the equation in (2.4) implies the existence of a superfieldWβm
satisfying
DαAnm − ∂nAαm = (γn)αβW
β
m. (2.5)
The superfield W has fermionic derivative equal to
DαW
β
m =
1
4
(γpn)α
βFpnm, (2.6)
where Fpnm = ∂[pAn]m.
In summary, the equation (2.4) allows to have the chain of relations
D(αAβ)m = γ
n
αβAnm,
DαAnm − ∂nAαm = (γn)αβW
β
m,
DαW
β
m =
1
4
(γpn)α
βFpnm.
(2.7)
The equations (2.7) imply that the θ-independent term in Anm and W
α
m describe the
massless fields of supergravity in ten-dimensions (around flat space-time). In fact, these
superfields satisfy the equations
∂pFpnm = γ
n
αβ∂nW
β
m = 0. (2.8)
Similarly for the second term in (2.3) we have the equations
D(αAβ)I = γ
n
αβAnI ,
DαAnI − ∂bAαI = (γn)αβW
β
I ,
DαW
β
I =
1
4
FpnI ,
(2.9)
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where FpnI = ∂[pIAn]I . The equations (2.9) imply that the θ-independent term in AnI
and WαI describe the massless fields of SYM in ten-dimensions (around flat space-time).
In fact, these superfields satisfy the equations
∂pFpnI = γ
n
αβ∂nW
β
I = 0. (2.10)
The gauge invariance of the background superfields are obtained as BRST invariance of
the unintegrated vertex operator. That is, U of (2.3) is defined up to Q(Ωmc∂X
m+ΩIcJ
I
)
for some superfields Ωm and ΩI . Then, the gauge transformations for the A in (2.3) are
δAαm = DαΩm, δAIm = DαΩI . (2.11)
They imply that the Anm and AnI transform as vector potentials, that is
δAnm = ∂nΩm, AnI = ∂nΩI , (2.12)
and the superfields W and F are gauge invariant. This shows that the physical content in
(2.3) are the supergravity and SYM fluctuations around flat space in ten dimensions.
We now review the construction of the integrated version of (2.3) [13]. The integrated
vertex operator V is defined through QV = ∂W − ∂W , where QW = ∂U and QW = ∂U .
It turns out that
W = (∂θαAαm +Π
nAnm + dαW
α
m +
1
2
NpnFpnm)c∂X
m
+ (∂θαAαI +Π
nAnI + dαW
α
I +
1
2
NpnFpnI)cJ
I
,
W = −λα(Aαm∂X
m +AαIJ
I
),
(2.13)
where Πn = ∂Xn + 12 (θγ
n∂θ) is the supersymmetric momentum and Npn = 12 (λγ
npω) is
the Lorentz generator for the pure spinor variables. Finally, the integrated vertex operator
satisfying QV = ∂W − ∂W becomes
V = (∂θαAαm +Π
nAnm + dαW
α
m +
1
2
NpnFpnm)∂X
m
+ (∂θαAαI +Π
nAnI + dαW
α
I +
1
2
NpnFpnI)J
I
.
(2.14)
The goal of this paper is to generalize these results to an on-shell curved background.
Before going into the details of the curved background case, let me point an interesting
structure from U,W,W, V implied by the presence of the pair of reparametrization ghosts
(b, c). Note that W is related to U and W is related to V according to
U = cW, W = cV. (2.15)
Because V = {b,W}, it can be verified that
QV = [T ,W ]− [b, QW ] = ∂W − [b, c∂W ] = ∂W − ∂W, (2.16)
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as is required. Here we used that Qb = T with T being the right-moving stress-energy
tensor for X and the heterotic fermions. This is not a surprise because it is already known
that V satisfies (2.16), but the argument can be reversed in the following way. The first
equation in (2.15) is a fact and looking at equation (2.13) one can sees thatW has the form
W = cX . Following (2.16) one can obtain that X satisfies the equation for the integrated
vertex. Therefore, X will be the integrated vertex operator and, actually, the expression
(2.14) is X . We use this analysis below to find the integrated vertex operator in a generic
curved background.
3. The unintegrated vertex operator of the heterotic string in a curved back-
ground
The action of the heterotic string in a generic curved background is obtained by adding∫
d2zV to the action (2.1) and covariantizing respect to the background invariance [13].
The resulting action is
S =
∫
d2z
1
2
ΠaΠa +
1
2
ΠAΠ
B
BBA + ωα∇λ
α +
1
2
ρA∇ρA (3.1)
+dα(Π
α
+ J
I
WαI ) + λ
αωβJ
I
UIα
β + b∂c+ SFT ,
where the background superfields depend on the superspace coordinates ZM . Note that
any field FA with local superspace indices A = (a, α) is related to the same field, FM
with curved superspace indices M = (m,µ) according to FA = FMEM
A, where EM
A
is the vielbein superfield. Also, ΠA = ∂ZMEM
A,Π
A
= ∂ZMEM
A with E(Z) being the
supervielbein. The covariant derivatives in the action are given by
∇λα = ∂λα + λβΩβ
α, ∇ρA = ∂ρA +AIK
I
ABρB, (3.2)
where Ωβ
α = ∂ZMΩMβ
α and AI = ∂Z
MAMI with ΩM being the Lorentz connection and
AM being the gauge potential. The Lorentz connection has the structure [13]
ΩMα
β = ΩMδ
β
α +
1
4
(γab)α
βΩMab, (3.3)
where ΩMab is the usual Lorentz vector connection and ΩM is necessary to preserve con-
formal invariance of (3.1) as it was shown in [14].
Note that J
I
= 12K
I
ABρAρB just like in flat space background. The other background
superfields in the action are WαI and UIα
β. W contains the gaugino as its lowest (θ, θ)
component and U contains the field-strength gauge boson in its lowest (θ, θ) component.
SFT is the Fradkin-Tseytlin term defined as
SFT =
∫
d2z rΦ, (3.4)
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where r is the world-sheet curvature and Φ is the dilaton superfield which is related to the
first term in (3.3) as 4Ωα = ∇αΦ.
The action (3.1) is invariant under the transformations generated by Q =
∫
(λαdα +
cT + bc∂c). This charge is nilpotent and conserved when the background satisfies certain
constraints. They put the background to satisfy the equations of supergravity and super
Yang-Mills in a curved background as it was shown in [13]. These constraints are solved
with the torsion and field-strength components
Tαβ
a = −γaαβ , TAα
β = 0, Tαa
b = 2(γa
b)α
βΩβ, FIαβ = 0, FIaα = −(γa)αβW
β
I ,
(3.5)
where Ωα is the scalar part of the Lorentz connection and turns out to be proportional
to the fermionic derivative of the dilaton superfield. Note that the components of the
3-form H = dB are constrained by BRST invariance as it was shown in [13]. For example,
Hαβa = −(γa)αβ and Hαβγ = 0.
The fields in the action transform under the BRST charge Q as [15]
QΠA = δAα∇λ
α − λαΠBTBα
A, Qλα = QρA = 0
Qdα = −(λγa)αΠ
a + λβλγωδRαβγ
δ, Qωα = dα,
(3.6)
where R = dΩ + Ω ∧ Ω is the background curvature superfield. Note that these transfor-
mations are given up to a Lorentz and gauge transformation terms with field-dependent
parameters (for example, the transformation of Πα includes a term ΠβλγΩγβ
α [15]) but
these contributions are ignored when Q acts on scalars combinations like the Lagrangian
above or the vertex operators below. However these contributions are important to verify
nilpotence of Q on the world-sheet fields. Note that, the pure spinor BRST charge acts
non-trivially on Π
A
. In fact,
QΠ
A
= δAα∇λ
α − λαΠ
B
TBα
A. (3.7)
This is used in verifying that the action is BRST invariant [15] and it will be used below.
The fluctuations around a generic background are given by vertex operators. The
unintegrated vertex is
U = λαAαa cΠ
a
+ λαAαI cJ
I
, (3.8)
where the superfield fluctuations depend on the supercoordinates, that is A(Z). As in
flat space, we use boldface symbols for the fluctuations. Not confuse A with the gauge
potential A of the action (3.1). The vertex operators are well-defined on-shell objects,
that is the equations of motion from the action (3.1) are imposed. In this case, by varying
respect to dα we have the equation Π
α
+ J
I
WαI = 0, therefore a term with Π
α
similar to
the first term of U is not an independent world-sheet variable and can be moved to the
second term in (3.8).
The action of pure spinor BRST charge on the vertex (3.8) gives the equation
λαλβ
[(
∇αAβa + Tαa
bAβb
)
cΠ
a
+
(
∇αAβI + γ
a
αγAβaW
γ
I
)
cJ
I
]
= 0, (3.9)
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which implies the existence of the superfields Aba and AbI as in (2.4) and (2.9) through
the equations
∇(αAβ)a + T(αa
bAβ)b = γ
b
αβAba, ∇(αAβ)I − FI(α
aAβ)a = γ
a
αβAaI . (3.10)
As in flat space, we find higher fermionic derivatives. Consider the first equation in
(3.10). After using the (anti-)commutation relations and Bianchi identities of the back-
ground superspace geometry, the following equation is obtained
γb(αβ
(
∇γ)Aba −∇bAγ)a − 2Ωγ)Aba + Tab
cAγ)c + Tγ)a
cAbc
)
= 0, (3.11)
which implies the existence of a superfield Wβa satisfying
∇αAba −∇bAαa − 2ΩαAba + Tab
cAαc + Tαa
cAbc = (γb)αβW
β
a. (3.12)
This is the analogous to (2.5) in heterotic curved superspace.
The next step is to find the fermionic covariant derivative of Wβa. This is more
involving. It turns out that the following combination
Ψα
β
a = ∇αW
β
a − 4ΩαW
β
a + Tαa
bWβb − Tab
βAα
b
+ 2(γb)βσ((∇αΩσ)Aba − Ωσ∇bAαa + ΩσTab
cAαc),
(3.13)
satisfies the equation
10Ψα
β
a + γ
b
αργ
βγ
b Ψγ
ρ
a = (γ
cb)α
β(Fcba + Tcb
AAAa − Ta[c
dAb]d + 3τcb
dAda)
− (γedcb)α
βτedcAba,
(3.14)
where Fcba = ∇[cAb]a and τabc = γ
αβ
abcΩαΩβ . To obtain this equation one starts withW
β
a
from (3.12) and applies the operator ∇α. It is necessary to use the torsion constraints
(3.5) and Bianchi identities. The equations in section 5 of [14] are used. The solution of
(3.14) is
Ψα
β
a =
1
4
(γcb)α
β(Fcba+Tcb
AAAa−Ta[c
dAb]d+3τcb
dAda)−
1
12
(γedcb)α
βτedcAba. (3.15)
This is the analogous of (2.5) for heterotic curved background. Note the existence of 4-form
projection.
Similarly, we can find the consequences of the second equation in (3.10). As it was
done in (3.11), we find that
γa(αβ
(
∇γ)AaI −∇aAγ)I − 2Ωγ)AaI − γ
b
γ)ρW
ρ
IAab + FIa
bAγ)b
)
= 0, (3.16)
which implies the existence of WβI satisfying
∇αAaI −∇aAαI − 2ΩαAaI − γ
b
αρW
ρ
IAab + FIa
bAαb = (γa)αβW
β
I . (3.17)
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This is the analogous of the second equation in (2.9) in a curved background. The equation
for ∇αW
β
I is obtained by noting that
Ψα
β
I = ∇αW
β
I − 4ΩαW
β
I − γ
a
ασW
σ
I W
β
a +∇
aW
β
I Aαa + fIJKW
β
JAαK
+ 2(γa)βσ
(
∇αΩσAaI − Ωσ∇aAαI +ΩσFIa
bAαb
)
,
(3.18)
satisfies the equation
10Ψα
β
I + γ
a
αργ
βγ
a Ψγ
ρ
I = (γ
ab)α
β
(
FIab + Tab
AAAI +A[a
cFIb]c + 3τab
cAcI
)
− (γabcd)α
βτabcAdI ,
(3.19)
where FIab = ∇[aAb]I . This equation is solved by
Ψα
β
I =
1
4
(γab)α
β
(
FIab + Tab
AAAI +A[a
cFIb]c + 3τab
cAcI
)
−
1
12
(γabcd)α
βτabcAdI ,
(3.20)
this is the heterotic curved version of third equation in (2.9). Again, there appears a 4-form
projection.
Before ending this section, the equation of motion of the fluctuations should be ob-
tained. That is, the analogous of equations (2.8) and (2.10) in curved heterotic background.
It is obtained as follows. Consider (3.15) and compute ∇(βΨα)
β
a. First, apply ∇β (and
symmetrize in (α, β)) into the definition (3.13). Second, apply ∇β (and symmetrize in
(α, β)) into the solution (3.15) and then compare the results. The result has the form
γbαβ
(
∇bW
β
a − (∇bΦ)W
β
a + Tba
cWβc + (γ
c)βγΩγFcba − 2(γ
c)βγTbc
ρAρa + · · ·
)
= 0,
(3.21)
where Φ is the Fradkin-Tseytlin scalar superfield which determines the scalar connection
through 4Ωα = ∇αΦ. The terms in · · · depend on the torsion, curvatures and the fluctu-
ations. They are not so illuminating so I have not found them explicitly. The important
property is that this equation has a gamma matrix in the front just like in flat space-time.
A similar equation is obtained for (3.18) which has the form γaαβ∇aW
β
I + · · · = 0.
Let’s discuss the gauge invariance of (3.8). As in flat space, the unintegrated vertex
operator is defined up to Q(ΩacΠ
a
+ΩIcJ
I
). This implies that,
δAαa = ∇αΩa + Tαa
bΩb, δAαI = ∇αΩI − γ
a
αβΩaW
β
I , (3.22)
which implies that the superfields in (3.10) are defined up to
δAba = ∇bΩa + Tba
cΩc, δAaI = ∇aΩI + FIa
bΩb. (3.23)
Similarly, the gauge transformation for the gaugino field-strengths are
δWαa = −Tab
αΩb − 2(γb)αβΩβ(∇bΩa + Tba
cΩc),
δWαI = fIJKW
α
J ΩK − 2(γ
a)αβΩβ(∇aΩI + FIa
bΩb).
(3.24)
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In this section we have studied the possibility of having chain of superfields in curved
background similar to (Aα, Am,W
α) of N = 1 flat superspace in ten dimensions or the
corresponding superfields of N = 1 flat heterotic superspace in ten dimensions. Starting
from Aαa and AαI which are constrained such that the unintegrated vertex operator (3.8)
is in the cohomology of the pure spinor BRST operator. This implies the existence of Aβa
andAaI according to (3.10). The next superfields are the gravitino and gaugino superfields
W of (3.12) and (3.17). Note that Wαa satisfies the equation of motion (3.21) and the
gauge invariance (3.24) which indicates that this superfield contains a gravitino-like state.
In the next section we find the integrated vertex operator of the pure spinor using the
results of this section.
4. The construction of the integrated vertex operator
As in flat space-time, the integrated vertex operator is defined from the unintegrated
vertex operator U by first finding W and W satisfying QW = ∂U,QW = ∂U , and then
the unintegrated vertex operator, V , is given by QV = ∂W − ∂W . W is given by
W = [ΠAAAa + dα(W
α
a + 2(γ
b)αβΩβAba) + JΩαW
α
a
+
1
2
N cb(Fcba + Tcb
AAAa − Ta[c
dAb]d + 4τcb
dAda + 2(ΩγcbWa))]cΠ
a
+ [ΠAAAI + dα(W
α
I + 2(γ
a)αβΩβAaI) + JΩαW
α
I
+
1
2
Nab(FabI + Tab
AAAI − FI[a
cAb]c + 4τab
cAcI + 2(ΩγabWI))]cJ
I
,
(4.1)
where Nab = 1
2
(λγabω) and J = λαωβ . The calculation of QW = ∂U involves the BRST
transformation in (3.6) and the use of the equations satisfied by the A’s and the W’s
derived in the previous section and the Bianchi identities for the torsion, the curvature
and the field-strength. The calculation goes like this. When Q acts on Πα in the term
Πα(AαacΠ
a
+AαIcJ
I
) of W will give ∇λα(AαacΠ
a
+AαIcJ
I
) which will produce ∇U
after using the Leibniz rule. In the remaining expression, the equations of motion for
Π
a
and J
I
are needed. They can be read from [14]. The left over term will mix with
the remaining terms from QW . For example, the expression involving ΠαΠ
a
contains the
factor equal to the first equation in (3.10). Similarly for the expression involving ΠαJ
I
and the second equation in (3.10). We can continue the calculation to finally obtain that
QW = ∇U = ∂U . For W is much easier to obtain and it is given by
W = −λα(AαaΠ
a
+AαIJ
I
). (4.2)
The pure spinor part of the BRST charge gives zero when it acts on W because (3.10).
The remaining terms in the BRST charge contains the right-moving energy-stress tensor
which helps to produce QW = ∂U .
As it was indicated above the integrated vertex operator satisfies QV = ∂W−∂W . As
in the discussion at the end of section 2, the presence of the right-moving parametrization
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ghosts allows to find the integrated vertex operator. Because, W has the form W = cX
and noting that the unintegrated vertex operator U is given by U = cW we can deduce
that X = V , the integrated vertex operator. That is
V = [ΠAAAa + dα(W
α
a + 2(γ
b)αβΩβAba) + JΩαW
α
a
+
1
2
N cb(Fcba + Tcb
AAAa − Ta[c
dAb]d + 4τcb
dAda + 2(ΩγcbWa))]Π
a
+ [ΠAAAI + dα(W
α
I + 2(γ
a)αβΩβAaI) + JΩαW
α
I
+
1
2
Nab(FabI + Tab
AAAI − FI[a
cAb]c + 4τab
cAcI + 2(ΩγabWI))]J
I
.
(4.3)
The action (3.1) plus
∫
d2z V can be written in the form (3.1) for redefined background
superfields. This is easier to see if one uses superspace coordinates ZM . In this case, the
action takes the form
S′ =
∫
d2z
1
2
∂ZM∂ZN (G′NM +B
′
NM ) + J∂Z
MΩ′M +
1
2
Nab∂ZMΩ′Mab
+ dα∂Z
ME′M
α + J
I
∂ZMA′MI + dαJ
I
W ′
α
I + JJ
I
U ′I +
1
2
NabJ
I
U ′Iab
+ ωα∂λ
α + ρA∂ρA,
(4.4)
which has the form of (3.1) by removing the primes. Recall that the supermetric GNM =
EN
aEM
bηab where E is the vielbein and the other superfields are changed from M type
of indices to A type of indices through the vielbein. The relation between primed and
unprimed background superfields are
G′NM = GNM + E(N
aAM)a, B
′
NM = BNM +E[N
aAM ]a,
Ω′M = ΩM + EM
aΩαW
α
a,
Ω′Mab = ΩMab +EM
c
(
Fabc + Tab
AAAc − Tc[a
dAb]d + 4τ
d
abAdc + 2(ΩγabWc)
)
,
E′M
α = EM
α + EM
a
(
Wαa + 2(γ
b)αβΩβAba
)
, A′MI = AMI +AMI ,
W ′αI =W
α
I +
(
WαI + 2(γ
a)αβΩβAaI
)
,
U ′I = UI + ΩαW
α
I ,
U ′Iab = UIab +
(
FabI + Tab
AAAI − FI[a
cAb]c + 4τab
cAcI + 2(ΩγabWI)
)
.
(4.5)
This proves that a supergravity background plus its BRST fluctuations is also a super-
gravity background. This concludes the construction of the integrated vertex operator for
the heterotic string in the pure spinor formulation and in a generic curved supergravity
background.
5. Concluding remarks
In this paper we have generalized the construction of the integrated vertex opera-
tor for the heterotic pure spinor string in a flat background to the on-shell supergravity
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background. The presence of the parametrization ghosts for the right-moving part of the
superstring modes are crucial to get the final form the the integrated vertex operator (4.3).
It would be interesting to study the analogous to the massive vertex operator in flat space
of in curved background. This construction could be difficult because the flat space case is
not straightforward [4]. An application of the vertices studied in this paper is the compu-
tation of tree-level scattering amplitudes. That is, the curved background version of the
flat space amplitudes of [5].
One possible generalization is to find the corresponding results for the type II super-
string. The calculation will be more involving because the absence of the (b, c) ghosts.
However, the special cases of the superstring in a AdS5 × S
5 background [9], [10] and
its plane wave limit [16] were already studied, so the general background case can be
performed.
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